SHARP CONTINUITY RESULTS FOR THE SHORT-TIME 
FOURIER TRANSFORM AND FOR LOCALIZATION 
>L-, OPERATORS 
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Qh' Abstract. We completely characterize the boundedness on LP spaces and on 

I Wiener amalgam spaces of the short-time Fourier transform (STFT) and of a 

special class of pseudodifFerential operators, called localization operators. Pre- 
I cisely, a well-known STFT boundedness result on spaces is proved to be sharp. 

Then, sufficient conditions for the STFT to be bounded on the Wiener amalgam 
spaces W{LP,L'^) are given and their sharpness is shown. Localization opera- 
tors are treated similarly. Using different techniques from those employed in the 
literature, we relax the known sufficient boundedness conditions for localization 
• operators on spaces and prove the optimality of our results. More generally, 

I we prove sufficient and necessary conditions for such operators to be bounded on 

Wiener amalgam spaces. 

(N ' 

00 ' 1- Introduction 

O '. 

l/^ . A fundamental issue in Time-frequency analysis is the so-called short-time Fourier 

transform (STFT). Precisely, consider the linear operators of translation and mod- 
^ I ulation (so-called time-frequency shifts) given by 

0>: (1.1) TJit) = fit-x) and M^/(t) = e^™*/^ ■ 



< 



o 

For a non-zero window function ip in L'^{M.'^), the short-time Fourier transform 
■ (STFT) of a signal / G L'^{M.'^) with respect to the window (f is given by 

^: f 

. .c^ ; (1.2) V^fix, iu) = if, M^T^if) = / fit) ifit - x) dt . 

This definition can be extended to pairs of dual topological vector spaces and Ba- 
nach spaces, whose duality, denoted by (•,•), extends the inner product on L^(M'^). 

The intuitive meaning of the previous "time-frequency" representation can be 
summarized as follows. If f{t) represents a signal varying in time, its Fourier 
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transform /(u;) shows the distribution of its frequency cu, without any additional 
information about "when" these frequencies appear. To overcome this problem, 
one may choose a non-negative window function y9 well-localized around the ori- 
gin. Then, the information of the signal / at the instant x can be obtained by 
shifting the window ip till the instant x under consideration, and by computing the 
Fourier transform of the product f{x)ip{t — x), that localizes / around the instant 
time X. The decay and smoothness of the STFT have been widely investigated 
in the framework of spaces and in certain classes of Wiener amalgam and 
modulation spaces |5l El El]. A basic result, proved in Lieb [26], is the following 
one: 

For every p > 2, f E L'''(W^), (f E L'^'(R'^), with p' < min{r, r'}, it turns out 
V^f E LP(M2<i) and 

\Kf\\p<CMr'\\f\\r. 

(As usual, p' and r' are the conjugate exponents of p and r, respectively). The 
previous estimate is sharp (see the subsequent Proposition 13.31) . 

A new contribution of the present paper is the study of the boundedness of the 
STFT on the Wiener amalgam spaces W{Lp, L'^), 1 < p,q < oo. We recall that a 
measurable function / belongs to W{U', L'^) if the following norm 

(1.3) \\f\\w(L.,L.) = f E f / \fi^)TnXQix)f 

where Q = [0, l)'' (with the usual adjustments if p = oo or g = oo) is finite (see 
p5] and Section 2 below). In particular, W{U',U') = L^. For heuristic purposes, 
functions in W{Lp, L'^) may be regarded as functions which are locally in and 
decay at infinity like a function in L''. 

A simplified version of our results (see Proposition l3.4l) can be formulated as follows. 

Let if E S(R'^), f E W{LP,L'')(R'^), 1 < q' < p < oo, q > 2. Then V^f E 
W{LP, L'^){M.'^^), with the uniform estimate 

(1-4) \\V^f\\w{LP,Li) ^ C!^\\f\\w{LP,Li)- 

The previous estimate is optimal. Indeed, if (11.41) holds for a given non-zero 
window function ip E iS(M'^), then p>q' and q>2 (see Proposition 13. 5p . 

The other related topic of the present paper is the study of localization operators. 
The name "localization operator" first appeared in 1988, when Daubechies [T2| used 
these operators as a mathematical tool to localize a signal on the time-frequency 
plane. But localization operators with Gaussian windows were already known in 
physics: they were introduced as a quantization rule by Berezin [1] in 1971 (the 
so-called Wick operators). Since their first appearance, they have been extensively 
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studied as an important mathematical tool in signal analysis and other applications 
(see [SI El El EHl ES] and references therein) . We also recall their employment as 
approximation of pseudodifferential operators (wave packets) [TTl [22] . Localization 
operators are also called Toeplitz operators (see, e.g., [13|) or short-time Fourier 
transform multipliers [20ll33j. Their definition can be given by means of the STFT 
as follows. 

Definition 1.1. The localization operator A^^''^^ with symbol a G iS(]R^"') and win- 
dows (fi, G 5(]R'^) is defined to be 

(1.5) A^i'^V(t)= / a{x,u)V^JXx,u)M^T,^2{t)dxduj, f e L\R^). 

The definition extends to more general classes of symbols a, windows (/?i,y92, 
and functions / in natural way. U a = xn for some compact set Q C R^*^ and 
fi = f2, then ig interpreted as the part of / that "lives on the set in 

the time-frequency plane. This is why A^^''^^ is called a localization operator. If 
a e 5'(M^'^) and ipi,(p2 G 5(M'^), then (11.51) is a well-defined continuous operator 
from S{R'^) to 5'(M°'). If (pi{t) = ip2{t) = e"'^*", then Aa = A'^^''^^ is the classical 
anti-Wick operator and the mapping a —>■ A^^''^^ is interpreted as a quantization 
rule [DESIES]. 

In [HI [6] localization operators are viewed as a multilinear mapping 

(1.6) (a,^l,^2)^A^•^^ 

acting on products of symbol and windows spaces. The dependence of the local- 
ization operator A^^'"^^ on all three parameters has been studied there in different 
functional frameworks. The results in [5J enlarge the ones in the literature, concern- 
ing LP spaces [36j, potential and Sobolev spaces [2J, modulation spaces [20l [30 | [31] . 
Other boundedness results for STFT multipliers on L^, modulation, and Wiener 
amalgam spaces are contained in [33] . 

On the footprints of [5J, the study of localization operators can be carried to 
Gelfand-Shilov spaces and spaces of ultra-distributions [10\. Finally, the results in 
[S] widen [21 [H] interpreting the definition of A^^''^^ a weak sense, that is 

(1.7) {A^a"'''f,9) = {aV^J,V^,g) = {a,%JV^,g), f,g E 5(M'^) . 

Here we study the action of the operators A^'^''^^ on the Lebesgue spaces and 
on Wiener amalgam spaces W{Lp, L'?), when a is also assumed to belong to these 
spaces. For example, one wonders what is the full range of exponents (g, r) such 
that for every a E L'^ the operator A'^^''^^ turns out to be bounded on , for all 
windows v^i,(^2 in reasonable classes. Partial results in this connection have been 
obtained in [3l [H [35] . We will give a complete answer to this question and, more 
generally, to a similar question in the framework of Wiener amalgam spaces. 
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Our present approach differs from the preceding ones. In particular, the tech- 
niques employed not use Weyl operators results as in HO]- Indeed, we rewrite 
A'^'^''^^ as an integral operator. Next, we prove a Schur-type test for the bound- 
edness of integral operators on Wiener amalgam spaces (see Proposition 14.21) and 
we use it to obtain sufficient continuity results for A^^''^^ ^ith symbol a in Wiener 
amalgam spaces and acting either on or on W{Lp, L'^) (see Theorems 14. 14.51 
and 16.21) . For instance, the result for Lebesgue spaces can be simplified as follows 
(see Theorem 16.21 for more general windows): 

Let a e L«(M2'^), ^1,^2 e 5(M^). Then, '^^ bounded on U{R'^), for all 
l<n<oo, - >|- — -^1, with the uniform estimate 

\\A^a"'''f\\r<C^uMM\r- 

Moreover, the boundedness results obtained on both Lebesgue and Wiener amal- 
gam spaces reveal to be sharp: see Theorems 15.31 and 15.41 In particular, the opti- 
mality for Lebesgue spaces reads: 

Let (pi,(p2 e C^(R'^), with (pi{0) = (p2{0) = I, (fi > 0, (p2 > 0. Assume that 
for some 1 < q,r < 00 and every a G L^(R^'*) the operator A'^^''^^ is bounded on 
L''{R'^). Then 

1 1 
r ~ 2 ■ 

We end up underlining that similar methods can be applied to study the bound- 
edness of localization operators on weighted and Wiener amalgam spaces as 
well. 

The paper is organized as follows. Section 2 is devoted to preliminary definitions 
and properties of the involved function spaces. In Section 3 we study the bounded- 
ness of the STFT whereas Section 4 and 5 are devoted to sufficient and necessary 
conditions, respectively, for boundedness of localization operators. Finally, in Sec- 
tion 6 we present further refinements. 

Notation. To be definite, let us fix some notation we shall use later on (and have 
already used in this Introduction). We define xy = x - y, the scalar product on R"^. 
We define by C^{M.'^) the space of smooth functions on M'^ with compact support. 
The Schwartz class is denoted by 5(M'^), the space of tempered distributions by 
S'{R'^). We use the brackets (/, g) to denote the extension to 5(R"') x 5'(R"') of the 
inner product (/, g) = J f{t)g{t)dt on L^(R'^). The Fourier transform is normalized 
to be /(cu) = ^fijjj) = f /(t)e~^'^'*'^(it. Throughout the paper, we shall use the 
notation A < B, A > B to indicate A < cB, A > cB respectively, for a suitable 
constant c > 0, whereas A ^ B if A < cB and B < kA, for suitable c,k>0. 



1 

- > 



sharp results for the stft and localization operators 5 

2. Time-Frequency Methods 

First we summarize some concepts and tools of time-frequency analysis, for an 
extended exposition we refer to the textbooks [22| [2l] . 



2.1. STFT properties. The short-time Fourier transform (STFT) is defined in 
(11. 2p . The STFT Vgf is defined for f,g in many possible pairs of Banach spaces 
or topological vector spaces. For instance, it maps L^(M'^) x L^(M'^) into L^(M^'^) 
and S(E.'^) x S{R'^) into S{R'^'^). Furthermore, it can be extended to a map from 
5(M'^) X S'{R'^) into ^'(M^'^). The crucial properties of the STFT (for proofs, see 

[2l] and [26]) we shall use in the sequel are the following. 



Lemma 2.1. Let f,g, G L'^{W^), then we have 

(i) (STFT of time-frequency shifts) For y,C, E ffi'^, we have 

(2.1) Vg{M^Tyf){x,u;)=e-''''^-~^^y{VJ){x-y,u;-0- 
(a) (Orthogonality relations for STFT) 

(2-2) ll^5/IU2(K2d) = ||/||i2(lgd)||5(||i2( 

(Hi) (Switching f and g) 



(2.3) {Vfg){x,u) = e-'-'^'^VJi-x, -u). 

(iv) (Fourier transform of a product of STFTs) 



(2.4) {V^JV^,g){x,uj) = {VJV^,^r){-uj,x). 
(v) (STFT of the Fourier transforms) 

(2.5) VJix,uj) = e-2-^^-V~/(cu, -x). 

Proposition 2.2. Suppose p>2,fe L''{R'^), g G U'^W^), with p' < min{r, r'}. 

Then Vgf G (M^^) and 



(2.6) \\Vgf\\,< 



p p 



\ \\y\\ 
\ pp 

The following inequality is proved in [2H Lemma 11.3.3]: 

Lemma 2.3. Let go,g,-f G 5(]R'^) such that {'j,g) ^ and let f G 5'(M'^). Then 



\VgJ{x,u;)\ < J^^i\VJ\ * KM^,^) 



for all (x, uj) G 



p2d 
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2.2. Function Spaces. For 1 < p < oo, recall the JFL^ spaces, defined by 

J^L^iR'^) = {f e S'iR"^) : 3he L^iR'^), h = /}; 
they are Banach spaces equipped with the norm 

(2.7) \\f\\^^,= \\h\\Lr>, Withh = f. 

The mixed-norm space L^'^(M^'^), 1 < p,q < oo, consists of all measurable func- 
tions on M^'^ such that the norm 




1 



P 



(2.8) \\F\\lp,,= \ / / \F{x,Lu)\Pdx] du 

yjRd \J]s,d J 

(with obvious modifications when p = oo or g = oo) is finite. 

The function spaces U'L'^{^'^\ 1 < g < oo, consists of all measurable func- 
tions on M^'^ such that the norm 

(2.9) = (/" {{ \F{x,uj)\^d^' dx 

\JRA KJRd / 

(with obvious modifications when p = oo or g = oo) is finite. Notice that, for 
p = q,we have ^^^^(M^rf) = LP'P{R^'^) = LP{R'^'^). 

Wiener amalgam spaces. We briefly recall the definition and the main prop- 
erties of Wiener amalgam spaces. We refer to [HI [161 [HI [El [211 [25] for details. 

Let g G be a test function that satisfies ||5'||l2 = 1. We will refer to (7 as a 
window function. Let B one of the following Banach spaces: L^,JFL^, L^''^, L^L'^, 
1 < P, < 00. Let C be one of the following Banach spaces: L^, L^''^, L^L'', 
1 < < 00. For any given temperate distribution / which is locally in B (i.e. 
gf eB,Wge Co-), we set /^(x) = WfT^gh- 

The Wiener amalgam space W{B,C) with local component B and global com- 
ponent C is defined as the space of all temperate distributions / locally in B such 
that /b G C. Endowed with the norm ||/|| vk(b,c) = ||/b||c, W{B,C) is a Banach 
space. Moreover, different choices of (7 G generate the same space and yield 
equivalent norms. 

If B = J^V" (the Fourier algebra), the space of admissible windows for the Wiener 
amalgam spaces W{J-'L^,C) can be enlarged to the so-called Feichtinger algebra 
W{J-'L^, L^). Recall that the Schwartz class S is dense in W{J-'L^, L^). 

An equivalent norm for the space Wllf, L^) is provided by fll.31) . 

We use the following definition of mixed Wiener amalgam norms. Given a mea- 
surable function F on M^*^ we set 

\\F\\w(LPi,Ln)WiLP2,Li2) = \\\\F{x , ■)\\w{LP2 ,L''2)\\w{Lpi ,Ln). 

The following properties of Wiener amalgam spaces will be frequently used in the 
sequel. 
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Lemma 2.4. Let Bi, Ci, i = 1,2, 3, be Banach spaces such that W{Bi, Ci) are well 
defined. Then, 

(i) Convolution. If Bi * B2 ^ B^ and Ci * C2 ^ C3, we have 

(2.10) W{Bi,Ci)*W{B2,C2) W{Bs,Cs). 

(ii) Inclusions. If Bi ^ B2 and Ci "—>■ C2, 

W{B,,Ci)^W{B2,C2). 

Moreover, the inclusion of Bi into B2 need only hold "locally" and the 
inclusion of Ci into C2 "globally". In particular, for 1 < Pi,qi < 00, i = 
1, 2, we have 

(2.11) pi > p2 and gi < g2 ^ W{LP\L'^') ^ W{LP\ U^). 

(iii) Complex interpolation. For < 9 < 1, we have 

[W{B,, Ci), W{B2, C2)\e] = W{[B,, B2\e]. [Ci, C2\e]) , 

if Ci or C2 has absolutely continuous norm. 

(iv) Duality. // B' , C are the topological dual spaces of the Banach spaces B, C 
respectively, and the space of test functions is dense in both B and C, 
then 

(2.12) W{B,C)' = W{B',C'). 

(v) Hausdorff- Young. If 1 < p,q < 2 then 

(2.13) J'iWiLP, L<?)) ^ WiL'^', LP') 

(local and global properties are interchanged on the Fourier side). 

(vi) Pointwise products. If Bi ■ B2 ^ B^ and Ci ■ C2 "—^ C3, we have 

(2.14) W{Bi, ■ W{B2, C2) ^ W{Bs, C-,). 

The following result will be useful in the sequel. 

Lemma 2.5 ([3 Lemma 5.4]). Let (pa+ib{x) = e-^("+*^)l^l', a > 0,b e R, x e R'^. 
Then, 

(2.15) ya+ib\\w{Lp,Li) X a"^(a + 1)^(9-^). 

Finally we establish a useful estimate for Wiener amalgam spaces, based on the 
the classical Bernstein's inequality (see, e.g., [31]), that we are going to recall first. 
Let B{xo, R) be the ball of center xq G R'^ and radius i? > in R'^. 

Lemma 2.6 (Bernstein's inequality). Let f G iS'(M'^) such that f is supported 
in B{xo,R), and let 1 < p < q < oc. Then, there exists a positive constant C, 
independent of f , xq, R, p, q, such that 

(2.16) \\f\U<CR<'^-'^^\\fl. 
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Proposition 2.7. Let I < p < q < oo. For every R > 0, there exists a constant 
Cr > such that, for every f G 5'(]R'^) whose Fourier transform is supported in 
any ball of radius R, it turns out 

\\f\\w{Li,LP) < C'rII/IIp- 

Proof. Choose a Schwartz function g whose Fourier transform g has compact sup- 
port in -8(0, 1), as window function arising in the definition of the norm in W{L'^, L^). 
Then, the function {T^g)f, x G M.'^, has Fourier transform supported in a ball of 
radius R + 1. Therefore it follows from Bernstein's inequality (Lemma 12.61) that 

mg)f\U<Cnmg)f\\,. 

Taking the L^-norm with respect to x gives the conclusion. □ 



Modulation spaces. For their basic properties we refer to [151 
Given a non-zero window g G iS(]R'^) and 1 < p,q < oo, the modulation space 

MP''?(M'^) consists of all tempered distributions / G S'(R'^) such that the STFT, 

defined in (JOD, fulfills Vgf G LP''^ (R'^'^) . The norm on M^'^ is 

A/.,. = WVJWlp^. = ( [ ( [ \VJix,Lu)\PdxY^'' du 



li p = q, we write instead of M'P'P. 

M^'^ is a Banach space whose definition is independent of the choice of the 
window g. Moreover, if (7 G \ {0}, then ||V^/||i,p,9 is an equivalent norm for 
MP'<?(M'^). 

Among the properties of modulation spaces, we record that M^'^ = L^, M^^''^^ ^ 
MP^'i^, if pi < p2 and qi < ga- If 1 < p, g < 00, then (M^-'?)' = M^"''"'. 

Modulation spaces and Wiener amalgam spaces are closely related: for p = q, 
we have 

(2.17) \\f\\wi^LP,Lp) =( [ [ \VJix,uj)\Pmix,u;Ydxdu;) x ||/||m.. 

Finally, the next results will be useful in the sequel. 

Proposition 2.8 ([H Proposition 3.4]). Let g G M^^W^') and 1 < p < 00 be given. 
Then f G Mp(M^) if and only if Vgf G Mp{R^'^) with 

(2.18) \\Vgf\\Mp-\\9\\Mp\\f\\Mp. 

Lemma 2.9 (pi Lemma 4.1]). Letl<p,q< 00. /// G MP'«(M^) and g G M\R'^), 
then Vgf G W{J^L^, LP''i)(R'^'^) with norm estimate 

(2.19) \\Vgf\\wirL^,LP-)<\\f\\Mp49\\M^. 
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We finally recall a characterization of modulation spaces. Let ^ e S{R'^) be such 
that 

(2.20) supp C (-1, l)'' and ^ ^{to - k) = 1 for all to E W^. 

Proposition 2.10. ([32]) Let 1 < p,q < oo. An equivalent norm in M^'^ is given 
by 




where ipiD - k)f := J^-\fTk^). 

3. BOUNDEDNESS OF THE STFT 

To prove sharp results for the STFT, we need the following lemmata. 
Lemma 3.1. Let h G C^lMf^), and consider the family of functions 

hxix) = /i(x)e-"'^l"l', A > 1. 

Then, if q > 2, 

(3.1) IIMk< Af-^ 
whereas, if 1 < q < 2, 

(3.2) l|/^^L> 

Proof. The upper bound (13. ip is shown, e.g., in [34i page 28]. The lower bound 
(13. 2p follows from (13.11) since, for g < 2, 

O^C = \\hx\\l = \\Tx\\l < \\hl\\g'\\hl\\ci < X^'^\hl\\g. 

U 

Lemma 3.2. Let ip(t) = e~'^'*'^ and consider the family of functions ipx(t) = 
g-^A|tp^ A > 0. We have 

V^ipx{x,uj) = (X + l) 2e ^+1 e ^+1'^'^. 

Proof. We have 

= e-^J' (T_^e-"(^+^)l-l j (uj) = (A + l)-2e~^M__^e-^ 
= (A + l)~2e ^+1 e ^+1""^, 
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as desired. □ 

Then, the result of Proposition 12.21 is sharp, as explained below. 

Proposition 3.3. Suppose that, for some I < p,r < oo, the following inequality 
holds 

(3.3) ||K,/||p<C||(7||,„||/||„ yf,geSiR''). 

Then p' < min{r, r'} (in particular, p > 2). 

Proof. We start by proving the constraint p' < r. Let (pit) = e"'^'*'^ and (px(t) = 
g-7rA|t|2 fjj-^gj^^ ]jj Lemma [3.21 we have 

d it(\\x\^+\uj\^) 

\V^ipxix,uj)\ = {X + l)-^e ^+1 . 

Hence, 



(3.4) \\V^^x\\p-{X + iy 



__d_ __d_ 
\ \ 2p / 1 \ 2P 



A+iy V A+1 



Since \\^\\\r ^ X~'^/^'^^\ writing (13.31) for / = Lpx, g = (f) and letting A +oo, we 
get p' < r, as desired. 

The constraint p' < r' follows similarly by switching the role of / and g, i.e., by 
using (1231). 

Of course, p' < min{r, r'} implies p > 2. Here is an alternative direct proof. 
Assume, by contradiction, that p <2, and test the estimate (13.31) on the functions 
f = hx, X>1, of Lemma O It is well-known (see, e.g., [T71 HH [231 127] ) that, for 
distributions supported in a fixed compact subset, the norm in is equivalent to 
the norm in TL^. Hence, using (13. 2p . 



d_ d 

IIK-^aIIp ^ \\hx\\AiP X \\hx\\p > X" 2. 
Since \\hx\\r = \\h\\r = Ch, letting A +oo in (13. 3p . the claim p >2 follows. □ 



We now focus on the boundedness of the STFT on the Wiener amalgam spaces 
W [L''' , L"^) . We will show that, if the windows are in M^, the optimal range of 
admissible pairs {l/q, l/p) is the shadowed region of Figure 1. 
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Figure 1: Estimate fl3.5p holds for all pairs 1/p) in the shadowed region. 

3.1. Sufficient boundedness conditions for the STFT on W{Lp,L'^). 

Proposition 3.4. Let ip e M\R'^), f G W{Lp, L''){R'^), I < q' < p < oo, q > 2. 

Then V^f G W{Lp, L'^){R'^'^) , with the uniform estimate 

(3-5) ~ 11/11 W^(Lf,L'?)IIV^I|Mi- 

Proof. By interpolation it suffices to prove the desired result when p = q', 2 < q < 
oo, and when p = oo, 2 < g < oo. 
Let p = q', 2 < q < oo. We have 

ll^^/llvy(L'j',L'3) ~ ll^v'/lls' 

because of the embedding L'^ W{L'^' , (recall, q>2). By Lemma[231 Young's 
Inequality and the equality M'^ = W{J-'L'^, L"^), we obtain 

ll^^/llg ~ lbl|A/i||/||w^(.^L9,L'?) < IIV5|U/i||/llvy(L'?',L'?)' 

where the last inequality is due to the embedding W{L'^' , L'^) ^ W{J-'L'^, L'^) (that 
is a consequence of the Hausdorff- Young Inequality). 
Let now p = oo, 2 < q < oo. We have 

\\y>pf\\w{L'^,Li) < \\V^f\\w{J^L\Li) < ||/|U/'j||¥'||mi, 
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where the second inequahty is due to (12.191) . The last expression is 

||/||h/(J^L'J,L<')||v5|U/i < ll/llvy(L9',L'!)IIV^I|Afi < ||/||vy(L°°,L9)||v^lU/i- 

This concludes the proof. □ 

3.2. Necessary boundedness conditions for the STFT on W{Lp,L'^). In 
what follows, we shall prove the sharpness of the results obtained above. 

Proposition 3.5. Let g G \ {0}. Suppose that, for some I < p,q < oo, C > 0, 

the estimate 

(3.6) \\Vgf\\wiLr>,L.) < C\\f\\wiL.,L.), V/ G 5(M"), 

holds. Then p> q' and q > 2. 

Proof. We claim that we may just consider the case of the window (p(t) = e~'^'*'^. 
Indeed, if g is a non-zero window function in M^, Lemma [2.31 and (12.101) give 

\\Vgf\\w(LP,Li) < 7r-rr2\\Vipf\\w{LP,Li)\\Vgip\\Li 
\\^\\2 

and ^ 

\\yipf\\w{LP,Li) < 7r~il2\\^9f\\w{LP,Li)\\V^9\\Li, 
\\9\\2 

SO that il V^/llvFCLP.L-j) ^ ||K/3/||vi/(LP,L'?)- Hence, from now on, we assume g = (p. 
First we prove that p > q'. Let v^a(^) = e~'^^'*'^. Then, by Lemma [3.21 we have 

\V^ipx{x,uj)\ = {\ + l)^2e ^+1 . By taking (7(x, cij) = ((71® (yf2)(x, c<j) as window 
function in the definition of the Wiener amalgam norm, one sees that 

(3.7) IlK'V^AllvyCL^L'j) (A + 1)"2 ||e w \\w{lp,li) ■ \\e~ \\w{lp,li)- 
By the estimate (I2.15p . it turns out, for A > 1, 

(3.8) y\\\w(Lp,Li) ^ A"^(A + 1)5(I'f) X X~i, 



and 



, / A A ^ / A A 2U 

|2 / 1 \ 2<J / 1 \ 2lq p> 



which, by (13.71) . give 

_ d 

\\V^^x\\wiLp,L'!) X A 27. 
Letting A — > +cx), the previous estimate and (13. 8p yield p > q' . 
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Let us now prove the condition q > 2. If p < q this follows from the condition 
P > q', so that we can suppose p > q. Then W{L'p, L'') > L'', and from (I3.6p we 
deduce 

II/IIm. X < \\f\\w(L.,L.). 

We now argue as in the proof of Proposition 13.31 and test this estimate on the 
functions f = h\ in Lemma [3. II This implies 

||K/3^a||(J ^ \\h\\\Mi ^ II^aIIl? ^ II II VK{LP,L9) = Cp^q. 

Since the constant Cp^g is independent of A, it follows from fl3.2p . letting A +oo, 
that q>2. □ 



4. Sufficient Boundedness Conditions for Localization Operators 

In what follows, we study the boundedness of localization operators on and 
on Wiener amalgam spaces. 

First of all, we prove sufficient boundedness results for localization operators 
acting on Lebesgue spaces. This is in fact a particular case of Theorem 14. 5[ but we 
establish it separately for the benefit of the reader. 

Theorem 4.1. Let a G W{Lp,L''){R'^'^), ipi,ip2 e M\R'^). Then A^^'^^ is hounded 

|i _ i| 



on UiW^), for all 1 < p,q,r < oo, - > \ - — h\, with the uniform estimate 



(4-1) ii^r'^'iiB(L'-) ~ ii«iU(lp,l9)||v5i||mi||v^2||mi- 

Figure 2 illustrates the range of exponents (1/r, 1/g) for the boundedness of 

a 
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Figure 2: Estimate (14. ip holds for all pairs (1/r, in the shadowed region. 



Proof. By the inclusion relations for Wiener amalgam spaces, it suffices to show the 
claim for p = 1. For g = cx), r = 2, the result was already proved in ^ Theorem 
1.1]. Indeed, using the inclusion C J-'L°° and the inclusion relations for Wiener 
amalgam spaces, we have W{L^,L'^) C W {J-' L"^ , L°^) = M°°. Hence, the symbol 
a is in the modulation space M°° and, consequently, the operator A^'^''^^ is bounded 
on M2 = L2. 

Let us prove the thesis in the cases 1 < q < 2 and 1 < r < oo, so that, using the 
interpolation diagram of Figure 1, we attain the desired result. 

By the Schur's test (see, e.g., [211 Lemma 6.2.1]), it is enough to show that the 
kernel of A^^-'^^ belongs to the spaces L^'°° and L°°L^, defined in ([2l]) and (IXQj) . 
respectively. Let us start with the first case. A^^''^^ is the integral operator with 
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kernel 



(4.2) K{x,y) = / a{t,uj)M^Ttip2{x)M.^Ttip^{y)dtduj 

(4.3) = / J^2a{t,y - x)Ttipi{y)Ttip2{x)dt 



(4.4) = / T{(pi{y - ■)(p2{x - ■)){uj)J^a{uj,y - x)du; 



(4.5) = / V^*{Tyipl){x,uj)J^a{uj,y - x)duj, 

with the notation f*{t) = f{—t). Using the pointwise multiphcation properties for 
Wiener amalgam spaces (12.141) . and setting ipy{x,uj) = {u!,y — x) we obtain 



\K{x,y)\dx < \\V^'^{Tyipl)\\w(L^,L^)\\{y^a)o^y\\^^^,,^^^^ 

On the other hand, it is easily seen that \\{J^a) ° '4'y\\w(Li' ^ II(-^'^)IIvk(L9'.l°°)' 
uniformly with respect to y. Hence, by the inclusion W{L^,L'^) C J-'W (L'^' , L°°) 
(see the Hausdorff- Young property (I2.13P ). for 1 < g < 2, we deduce 



\K{x,y)\dx < \\V^*{Ty(pl)\\w(Li,L^)\\a'\\w{L\L'}) < ||V'^^(^j/V5l) IU/i ||a||iy(Li,L9) 



~ ll^2/¥'ll|Mi||<^2l|Mi||a||w(Li,L'J) — IIv'iIImi ||v^2||Afi ||a.||vK{Li,L'3), 

where we have used = W{J-'L^, L^) C W^(L^, L^), by the local inclusion JFL^ C 
L'^ (see Lemma [2. 4[ item (ii)), and Proposition 12.81 with p = 1. Hence, 

^ ||a||H/(Li,L'J)||V'l|Ufi ||v^2||m1- 

Similarly, one obtains 

l|-^IU°°Li ^ ||o||iy(Li,L9)||v5l||Mi||9'2||Mi 

and the estimate (14. ip follows. □ 

To study the boundedness of localization operators on Wiener amalgam spaces, 
we rewrite them as integral operators and use the following Schur-type test for 
integral operators on Wiener amalgam spaces. 

Proposition 4.2. Consider an integral operator defined by 

DKf{x)= [ K{x,y)fiy)dy. 



If the kernel K belongs to the following spaces (see definitions (12. 8p and (12.91) ).• 
(4.6) K e iy(L^'°°, L°°L1)(R2'^) n iy(L°°L\ Ll.°°^^TO2d^ 
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and 

(4.7) K e L'^L\R^'^) n L^'°°(M2^), 

then the operator is continuous on W{Lp, L'^){W^), for every 1 < p,q < oo. 

Proof. Let Q denote the unit cube [0, 1)'^. Then, we can write any function / on 
M.'^ as f{x) = J^n&d f {x)TnXQ{x) . Moreover, it is straightforward to show that 
Dxfix) = 'Znez" DK{fTnXQ){x). 

We first study the boundedness of on W{L^,L°°). Using the expression 
above, we have 



\\DKf\\w{L\L^) = sup \\Dk{Y^ fTnXQ)TkXQ\\l < SUp ^ ||^x(/rnXs)^fcXQll 1- 

The equahty T^Xaiv) = T^x^iy) = iTnXQ{.y)f, yields 



\DK{fTnXQ)TkXQ\\l < 



K{x, y)f{y)TnXQ{y)TkXQ{x)dxdy 



< ll^nXg/lli sup / TnXQ{.y)\K{x,y)\TkXQ{.x)dx 



Hence, 



sup WDkUTuXqWuXqWi < sup ||/T„xq||i sup V \\K{TkXQ (S) T^Xq^l^ 



|Vy(Li,L°°) ||-^||VF(Li.°°,L°°Li)- 

Using similar arguments, one easily obtains 

\\DKf\\w{L°°,L^) < ||/||vK(L°=,Li)||-^||w^(L°°Li,Li.°°)- 

Since the statement holds for p = g by the classical Schur's test, the operator Dk is 
bounded on W{L^, = L^. By complex interpolation between {p,p) and {p, q) = 
(1, oo), we get the boundedness of on every W{Lp, U), 1 < p < q < oo. The 
complex interpolation between {p,p) and (p, q) = (oo, 1) yields the boundedness of 
Dk on every W{U', L^), 1 < q < p < oo. It remains to study the cases q = oo and 
1 < j9 < oo. For these cases we argue by duality: it suffices to verify that 

(4.8) \{DKf,g)\ < \\f\\wiLp,Lo^)\\g\\wiLp',L^), V/ G W{LP,L^), e WiLP',L'). 
Now 



\{DKf,g)\< / \K{x,y)f{y)g{x)\dxdy= / \Kix,y)g{x)\dx ) \fiy)\dy 

where Dj^ is the operator with kernel K{x,y) = \K{y,x)\. Since it satisfies the 
same assumptions as Dk, it is continuous on W{Lp ,L^). This yields (14.81) . □ 
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Observe that the condition i\A.7\\ is the assumption in the classical Schur's test for 
the continuity of on spaces. Furthermore, the condition K e W{L^'°°, L°°'^)n 
W{L°°'^, L^'°°) implies the assumption fl4.6p . 

Proposition 4.3. Let a G W{L^, L°^){R^'^), V9i,v?2 e M^{R'^). Then the operator 
^5 bounded on W{L^, L")(R°') for every 1 < s < oo, with the uniform estimate 

\\^a^''^^\\B(W(L2,L'^)) < ||a||iy(Li,L°°)||V'l|U/i IIV^2||m1- 

Proof. We have to prove the estimate 

for every / G W{L'^, L^), g G W{L'^,L^'). Using the weak definition fll.7p . we can 
write 

{A^^'^'f,g)= [ a(x, uj)V^Jix, uj)V^,g{x, u) dx dcu. 
By Lemma [2.41 (ii), 

l(^r''^V,5')l < h\\w{L\L^)\\V^ifV^2g\\w{L\L--)- 

Write / = Efcs zd fTkXQ and g = T^hei" dThXQ- Moreover, choose i> G 5(R'^) 
satisfying (j2.2Up and write v?i = E«ez<' V^i,'' V^s = Emez^ V^a.m, with yg^; = - 
l)ipi and V52m = V'l-D — m)ip2 (with the notation in Proposition I2.10p . We deduce 

(4.9) ' 

|(A^'^^/,^7)l<ll«lk(L^L-) Yl E \K^AfTkXQ)V^,j9THXQ)\\wiL^,L^)- 

By applying Lemma 12.11 (iv) and (v) we see that 
\^ {yvi,i{f^kXQ)V^2A9ThXQ)){x,uj)\ 

= lVhXQ(/^fcXs)(-^,a;)F^2,„(y?i,i)(-w,a;)| 
= \^gnxQUTkXQ){-^,x)V^^Trni>{vlTi'^){x,uj)\. 

The key observation is now the following one: if 71,72 G L^(]R'^) are supported in 
balls of radius, say, i?, then the STFT V^^72(x, a;) has support in a strip of the type 
B{yQ, 2R) X R'^, for some yo G R"^. This follows immediately from the definition of 
STFT. Hence the computation above shows that the expression 

V^,,{fTkXQ)V^^^^{gThXQ) 

has Fourier transform supported in a ball in R^'^ whose radius is independent of 
k,h,m,l. Hence it follows from (14. 9 p and Proposition 12.71 that 

(4.10) \{At^^^-f,g)\<\\a\\^^L^L-) ^ E \K.AfTkXQ)%ZJ9n^)\\i- 
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As a consequence of Cauchy-Schwarz's inequality and Parseval's formula, this last 
expression is 



< ||a|U(Li,L-) Yl Yl / JI'^vi,i(/^fcXQ)(a;,-)||2||Kp2,,„(^T,,Xs)(a;, Olhc^a; 

= \\a\\w{L\L^) Y Y \\fTkXQTx^l,lh\\9ThXQTx^2,m\\2dx 

< ||«lk(Li,L-) Y] WfTkXahWgThXQh Y] / \\TkXQTx<^i,i\\oo\\ThXQTx'~p2,m\\oodx. 



k,h&1<i m,l&1<i 

We will prove that 

/ \\TkXQTxVl,l\\oo\\ThXQTxV2,m\\oodx = j \\XQTx'{'lA\oo\\XQTx+k 

for a sequence v = Vk,i,m G V-(I?'^), satisfying 

(4-11) ||u||,i(z3d) < ||v5i|U/i||v52|U/i- 

Assuming (14. lip , by Holder's and Young's inequality, 

E E E ^i^-Ki^mimxQh [Y. \\fTkXQ\\2 

m,l&'i yk&d V/igZd / / VfeeZd 

E E ^'^.'.^ E hTnxQWi E \\fTkXQ\\2 

and the desired estimate follows by (14. 111) . 
Let us now prove (14. lip . Indeed, 

(4.12) 

Y = / WXqTx'^iAIoo Y \\XQTx+k-h'f2,m\\oodx 

(4.13) ||</'2,m||vK(L°°,Li) / \\XQTxVl,l\\oodx >i \\(piA\w{L^,L^)\\V2,m\\wiL^,L^) 

(4.14) < ||v3l,d|l|IV52,m||l, 
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where the last estimate follows from Proposition 12. 71 Then, by Proposition 12.101 
we have 

Vk,m,n ^ ^ IIV'l,/!!! ^ llV^l.mlll ^ II V^l II A/i || || A/i , 

which concludes the proof. □ 

Remark 4.4. An argument similar to that in the proof of Proposition 14.31 (but 
simpler) shows that, if a G L'=°{R'^'^) and (fi,if2 e then A^^'^^ jg 

bounded on W {L"^ , L^) (W^) for every 1 < s < oo. 

Propositions 14.21 and 14.31 are the main ingredients to study the boundedness of 
localization operators on Wiener amalgam spaces. 

Theorem 4.5. Let a G W{Lp, Li){R'^'^), (^1,(^2 e M\R'^). Then A^^''^^ is bounded 
on W{L'^,L')iR'^), for all 



(4.15) 1 < p, g, r, s < 00, -> 



1 1 

r ~ 2 



with the uniform estimate 

(4-16) ||^^'^''l|B(H/(i^L^)) ~ ||a||w(LP,L'/)||v5l||Mi||v^2||Mi- 

Proof. We use similar arguments to those of Theorem 14.11 Again, it is enough to 
prove the claim for p = 1. We shall show that the cases 1 < g < 2 yield the continu- 
ity of A'^^''^^ on W{L^, for every 1 < r, s < 00, so that, by complex interpolation 
with the case (g, r) = (00, 2), considered in Proposition 14.31 (see Lemma [X4l (iii) 
and Figure 1) we obtain the desired boundedness of A^^''^^ under the conditions 
fl4.15p . if s < 00. The remaining cases, when s = 00 and q > 2 (and therefore 
r > 1) follows by duality, for then W{U,L') = W{U\U')' (Proposition [H (iv)), 
and (Af '^2)* = 

Hence, let 1 < g < 2. In order to prove the boundedness of A'^^''^'^ on W^(L'', L^) 
for every 1 < r, s < 00 we use the Schur's test for Wiener amalgam spaces given 
by Proposition 14.21 

We already verified 04.71) for the integral kernel K of '"^^ , which was computed 
in (jl2D- Let us verify that K G W{L^'°°,L'^L^). To this end, we estimate the 
kernel as follows: 



\K{x,y)\< I \V^*{Ty(pl){x,uj)J='a{uj,y - x)\du; 

\V^*(fl{x - y,uj)J^a{uj,y - x)\duj, 
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since the STFT fulfills Vg{Tyf){x,uj) = e-2™i'1/g/(x - y,uj), see (EI]). For sake 
of simplicity, we set $ := V^*(fl. Moreover, we introduce the coordinate transfor- 
mation TF{t,u) = F{—u,t). So that the kernel K can be controlled from above 
by 

\K{x,y)\< / \T^{uj,y - x)\\J='a{u,y - x)\du. 

Let us estimate \\K\\\Y(Li,°°,L°°L^)- Settin B{t) := J^a\T^{^^,t)\\^CL{^^,t)\duj, we 
obtain 

ll^lk(Li.°°,L-Li) = sup y2 sup / TkXQ{x)TnXQ{y)\K{x,y)\dx 

< sup sup / TkXQkAT'nXQ{v)\B{y - x)\dx 

^^'^'^ n&'i y^^^ •^^'^ 

< sup sup TnXQ{y){TkXQ *\B\){y) 



= sup \\TkXQ * \B\\\wiL^,L^)- 

Using * L} ^ L°°, L} * ^ and the convolution relations for Wiener 
amalgam spaces in Lemma [2 ■4[ Item (i), we obtain 

II^/cXQ * |-B|||vK{L°°,Li) < ||rfcXel|iy(L°°,Li)||-B||H'(Li,Li) < 

since ||TfcXQ||vy(L°°,Li) = 1 and W{L^,L^) = L^. We are left to estimate i|-B||i. 
Precisely, 

||5||i= / / \T(l>{uj,t)\\J^a{uj,t)\dujdt 

^ lk*ilvy(L'J,Li)||^0-|lH^(L<7',L°°) 

< l|''"$||Mi||a||iy(Li,L'3) 

= ll^l|Mi||o.||vy(Li,L9) 

^ IIV^llU/1 ||V^2|U/i ||o.||w(Li,L9), 

where we used the inclusion J-'L^ C L"^, which holds locally and yields W{J-'L^, L}) C 
W{U,L^) (Lemma[231 item (ii)) and the equality W{TL^,L^) = and, finally. 

Similar arguments yield 

11-^11 VK(L°°Li,Li.°°) ^ llV^llUfi ||V^2||mi lkl|vy(Li,L9), 

and the desired result follows. □ 
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5. Necessary Boundedness Conditions for Localization Operators 
We need the following version of Lemma 13.11 for Wiener amalgam spaces. 

Lemma 5.1. With the notation of Lemma \3 . 1[ we have, for q >2, 

— - 
\\hx\\w{LP,Li) ^ S A>L 

Proof. When p < q, the result follows at once from Lemma [3Jl using the embedding 
LQ ^ W{LP,L'^). 

When p > q it suffices to apply Proposition 12.71 and Lemma 13.11 again. □ 

Proposition 5.2. Let <^i, <^2 e C^{R'^), x e C°°(M'^), with (^i(O) = ^2(0) = x(0) = 
1; (y^i > 0, ip2> 0, X > 0. // the estimate 

(5.1) llxA^^-'^VIIr < C||a|U(LP,L.)||/lk(L«i,L»2), V/ G Va G ^(R^'^), 
holds for some 1 < p,q, r, Si, S2 < 00, then 

(5.2) i>i-i 

q 2 r 

Proof. We can assume q > 2, otherwise the conclusion is trivially true. Consider a 
real-valued function h G C^(M'^), with h{0) = l,h>0. Let 

/ia(x) = /i(x)e-"^^l^l', A>1. 

We test the estimate (15.11) on f = hx and 

a{x,uj) = ax{x,uj) = h{x)(J^~^hx){uj). 

Clearly, ||/iA|| vk{l=i,l''2) is independent of A. On the other hand, by Lemma [5A] we 
have ^ ^ 

IIo-aII VKCLP,!."?) = ||/i||iy(LP,L'!)||.^ ^hx\\wiLP,Li) ^ A? 2_ 

Hence, if we prove that 

(5.3) llx^'^VIIr > A-^ 

then (15. 2p follows from (15.11) . by letting A +00. 
Let us verify (15.31) . It suffices to prove that 

|x(x)«'^^7^)(x)| >1, for |x|<A-\ 

and for all A > Aq large enough. To this end, observe that, by ( 14. 2p . A^^'*^^ is an 
integral operator with kernel 

K{x,y) = j h{t)h{y-x)e-^'^\y-^\\i{y-t)ip2{x-t)dt. 

Hence 



|x(x)«''^^/.a)(x)| 



X{x) // e^-'^''yh{t)h{y-x)v^{y-t)^2{x-t)h{y)dtdy 
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Since (fi, ip2 have compact support, K{x, y) is identically zero if \x — y\ > C, for a 
convenient C > 0. Moreover, we are considering the last integral for |x| < < 1 
only, so that we can in fact integrate over \y\ < C + 1 only. On the other hand, we 
have 

Ree^^'^'^y = cos(27rAxi/) > ^, if |x| < X'\ \y\ < C + 1, 
for all A > Ao large enough. It follows that 



(5.4) 



e'-'^^yh{t)h{y - x)v9i(y - t)^,{x - t)h{y) dtdy 



h{t)h{y - x)ipi{y - t)Lp2{x - t)h{y) dtdy 



Now, this last expression is clearly bounded from below by a constant 5 > 0, for 
a; in a neighbourhood of the origin. This follows by continuity, since for x = the 
integral is strictly positive by our assumptions on ipi, ip2^ h, and x(0) = 1. 

This concludes the proof. □ 



Theorem 5.3. Let (^1,(^2 e C^(M^), with y?i(0) = (^2(0) = 1, ^1 > 0, y?2 > 0. //, 

for some 1 < p,q,r, s < 00, the estimate 



(5.5) ||A^''^VIk(L-,L=) < C\\a\\w{LP,Li)\\f\\w{Lr,L-), 

holds, then 

(5.6) ' ' 



1 

- > 



Proof. We can suppose q > 2 (otherwise (15. 6p is trivially satisfied). We assume 
r > 2, the case 1 < r < 2 follows by duality, for (A^i'^2)* = 
Let X e C^iR'^), X > 0, x(0) = 1. Then, ([53]) implies that 



2d\ 



||xAr•'^VIk(L^L=) < C\\a\\wiL.,L.)\\f\\wiLr,Ls) V/ G 5(M'^), Va G SiR 

For functions u supported in a fixed compact subset we have ||u||iy(L'-,L^) x \\u\\r, 
so that we have 

llx^r'^VIIr < C7||a|U(L.,L.)||/lk(L^L«), V/ G SiR'), Va G SiR''). 
Then (15. 6p follows from Proposition 15. 2[ □ 



Theorem 5.4. Let ipi,ip2 G C;f^(M'^), with ¥?i(0) = (^2(0) = 1, y^i > 0, v?2 > 0. 
Assume that for some 1 < p,q,r, s < 00 and every a G W{Lp, L'^) (M^'^) the operator 
''^2 ^3 5onnc?ed on W{L', L'){R'^). Then must hold. 
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Proof. Consider first the case 1 < r, s < oo. By Theorem 15 . 31 and the Closed Graph 
Theorem it suffices to prove that the map 

a e W{LP,L'^) I — y A^^'"^^ e B{W{L'',L')) 

has closed graph. To this end, consider a sequence a„ ^ a in W{U', L'^) and such 
that ^ ^ in BiWiL"^, L')). We verify that A^^'^^ = A, that is (A^^'^^/, g) = 

{Af,g) for every f,g E SCEJ^), because 5(]R'^) is dense in W{U,L^). Clearly, 
{A^^'"^^/, g) — > {Af, g). On the other hand, since V^^/, V^p^g are Schwartz functions. 



tends to 



a{x,uj)V^J{x,uj)V^^g{x,uj) dxdu = (A^^'^V^S')- 



It remains to consider the cases r = (X) or s = oo. Here one can argue by 
contradiction. Namely, suppose that A'^'^''^^ is bounded on W{L^,L^) for every 

a G W{L'P,L''), for some q,r that do not satisfy fl5.6p . Hence, - < . Sup- 

q r 2 

pose r = oo, which implies q > 2. By interpolating with the case (r, s) = (2, 2) 
(being fixed the pair (p, q)), one would obtain the boundedness of A^^''^^ for every 
a G iy(L^, L"^), on certain Vr(L'',L'*), r,s < oo, with f arbitrarily large, so that 
(15. 6p (with f in place of r) fails. Similarly, for s = oo and interpolating with the case 
(r, s) = (2, 2), one would obtain the boundedness of A^^''^^ fQ^- every a G W{Lp, U), 
on certain W{U,L^), f,s < oo, with ^ < |^ — so that (15. 6p fails again. This 
contradicts what we showed in the ffist part of the present proof. □ 



6. Further results 

In this section we discuss a slight improvement of Theorem 14. 1^ in the special 
case p = q, i.e., for symbols a G L'^. Precisely, we consider windows in Lebesgue 
spaces only, rather than in M^. To state the outcome of our study, we need 
the following definition. A measurable function F on M^'^ belongs to the space 
Vr(LPi,L9i)J^Vr(LP2,L92)(M2d) if the mapping x i — > \\F{x, ■) ||^i^{Lf 2,^.2) is in the 
Wiener amalgam space W{LP'^ , L'^'^){M.'^), with norm 

\\F'\\w(LPi,Ln)j^WiLP2,L'i2) = \\ \\F{x, ■)\\jriY{LP2,Li2)\\wiLPi ,Ln). 

Then our ffist result reads as follows. 

Proposition 6.1. Let 1 < Pi,P2,(li,(l2,f^ ^ 00. Let 

a G W{LP\L'")J^W{LP\L''^){R^'^), 

and 
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Then A^^''^^ is bounded on L^{M.'^), with the uniform estimate 

(6-1) ~ \\o.\\w{LPi,Ln)^y^w{LP2,Li2)^\\^l\\Af\\^2\\Af- 



Proof. The proof is similar to that of Theorem I4.H so that we only present the 
main points. We apply Schur's test. Hence we verify that the integral kernel 

K{x,y) = j T2a{t,y - x)Ttipi{y)Ttip2{x) dt 

of ig in looj^l p ^l,oo_ 

Let us verify that K G L°°L^, the other condition is similar. By the kernel 
expression above and Holder's Inequality we have 



II^IU-Li < sup / \Tt(p2ix)\ / \Tt(pi{y)\\J^2a{t,y - x) \ dy dt 
xeR"^ J J 

^ y^\\w{LP'2,L^'2)^^P^j \TtMx)\h{t,-)yWiLP2,L^2)dt 
- \\^^\\w{LP'2 ,L<'2 ) 1 1 1 1 ^^(^Pi _^<,i ) 1 1 a 1 1 W(LPi ,Ln )^rW{LV2 ,L92 ) , 

which is the desired estimate. □ 
Finally, we can prove the boundedness result for symbols in L'^. 

Theorem 6.2. Let Mq = L«(M'^) n L«'(M^) %f 1 < q < 2 and Afg = L'^{R'^) if 
2 < g < oo. Leta& L'?(R2rf)^ ^^^^^ ^ TV'^. Then A^^'^^ is bounded on L''(R'^), for 
all - > I - — -^l, with the uniform estimate 

(6-2) ||A^1''^2||b(L'-) < ||aLII<^i|kJ|^2|k,. 

Proof. By interpolation with the well-known case q = oo, r = 2 [35], it suffices 
to prove the desired result for q < 2. But this follows from Proposition 16.11 with 
= q-^ = g, p2 = g2 = q' (recall, = L^, W{L'}',L''') = L^'), combined 

with the Hausdorff- Young inequality L'^ J^L^ . □ 

Observe that Theorem 16.21 extends the result contained in Theorem 3.3 of [3] to 
larger index sets and this range is sharp. Indeed, for s = r and p = q, Theorems 
15.31 and 15.41 read as follows. 

Corollary 6.3. Let ipi,ip2 G C^iR"^), with ipi{0) = (/?2(0) = I, (pi > 0, (p2 > 0. 
Assume that for some 1 < q,r < oo and every a G L^(]R^°') the operator A'^^''^'^ is 
bounded on L''(R°'), or that the estimate 

(6.3) ll^r-'^^/llr < C||a|y|/||„ V/ G 5(M'^), Va G SiR""), 

holds. Then 

, , 1 1 1 

6.4 - > 
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